Abstract
Motivation: quantitative informat ion from qualit at ive measurements
A growing body of work in computer vision is aimed at exploiting the advantages of the qualitative approach [l] . According to the proponents of qualitative vision, trading precision for robustness can yield stable and noise-free representations without sacrificing utility for real-world tasks. In the present work, we show that it is possible to derive a quantitative representation from an intermediate set of qualitative data which satisfy certain simple constraints. The proposed method combines the advantages of both qualitative and classical approaches, in that it relies on ordinal representations, but nevertheless supports the extraction of metric information. The method is illustrated on the example of stereopsis, although it is applicable also to the processing of other visual cues, as well as to the integration of several cues within a common computational framework.
Depth from disparity differences
Consider two images of the same object, taken from viewpoints L and R, with the two cameras aimed at a common fixation point f p (Figure 1 ). In the coordinate system whose origin is at fp, a point P = (P,, Py, PZ)T is projected onto the left and right images as follows:
(1)
where the angle a is as depicted in Figure 1 . Consider now two points, P and Q, and define disparity
If the points P, Q are close enough to the fixation point so that P,, P,, Q,, Q , << I , equation 3 yields:
where dp and dQ are the horizontal disparities of points P and Q respectively. For two pairs of Figure 1 : The viewing geometry assumed in the derivation of eq. 4. We assume that the baseline B is small ( B << I), and treat the right image as if it is taken from R' instead of R. The origin of the coordinate system for depth reconstruction is at the fixation point fp, so that the X-axis is parallel to the baseline LR' and the Z-axis coincides with the normal to LR' through fp.
points (P,Q) and ( U , V ) we can define a quantity S(P, Q; U, V ) as 
Metric MDS
Suppose that we are given the disparities di of a set of points (z, y, z ) in a stereo pair, where zi denotes the unknown depth value at the image point (x,y)i.
As indicated by equation 4, the pairwise differences between disparities are proportional to the differences between the corresponding depth values:
The sign of S(P, Q; U, V) then indicates whether the difference between the depth values of P, Q is greater or smaller than the difference between the depth values of U, V . The information provided by the S's, or even merely by the sign of the S's, can be processed to recover depth, using multidimensional scaling (MDS) -a method that yields the geometric structure of a set of points from information related to their pairwise distances [lo] . If the distances themselves are given, metric MDS can be used. In many applications, the exact distances may be unknown, but a set of quantities monotonically related to the true distances may be available. In this case, nonmetric MDS must be employed. Both the metric and the nonmetric formuPations of MDS are relevant to the problem of recovering depth from binocular disparities.
where C is a constant for a fixed choice of a, Z (for large enough Z' s; see Figures 2 and 3) . A matrix of measurements of Ad,, can thus be used in metric MDS to recover the unknown 2,'s (up to a relief transformation, an ambiguity which may be removed by combining results from two different viewpoints). Even though this procedure seems to end up with the same information available in the initial data (di), it actually can circumvent the geometric distortion introduced into the disparity values by oblique viewing ([7]; Mitchison and Westheimer [6] pointed out that the linear disparity gradient introduced by oblique viewing can be eliminated by basing the computation of depth on differences of disparities instead of the disparities themselves, as in the proposed method).
Figure 3: Plots of the iso-Ad;j contours vs. zi and z j (see eq. 6), for two values of absolute depth 1. In the left plot the ratio between the object size and the distance was 1 : 1.5; in the right plot it was 1 : 5. It can be seen that for large enough values of 1 (right panel), the contours are, for all practical purposes, parallel, and the approximation expressed by eq. 6 holds.
Nonmetric MDS
Suppose now that instead of having the exact values of the disparity differences Ad;j we only know their ranks (as it may be the case in biological systems, where cells may be better suited to signal the sign of disparity difference rather than its exact value [8]). Surprisingly, if just the ranks of Adij are passed on to MDS, it is still possible to recover the geometry of the configuration, provided that enough points are available, and that the interpoint distances covary monotonically with the true ones [lo], as they do in the present case. When applied to small artificial data sets, nonmetric MDS [5] recovered configurations that were very close to the true ones (Figure 4) . In the rest of this section, we describe an application of nonmetric MDS (NMDS) to the recovery of depth information from qualitative disparity data computed over synthetic and natural images.
Real stereo pairs: NEC matcher
We have tested the NMDS method using two different matching algorithms (the choice of the matching algorithm is of secondary importance here; we concentrate on what should be done with disparity information rather than on how to obtain that information). The first one, a public-domain intensity-based matcher developed at NEC [3] , produces a dense disparity field, which we subjected to median filtering, with the zero-valued pixels (marking occluded points) left out, and then submitted to NMDS.
The window -was converted into a 400 x 400 matrix of pairwise disparity differences (one for each pair of pixels in the window; only half of the matrix had to be filled). The differences were then ranked, and the ranks were submitted to NMDS. The resulting depth map was computed for overlapping windows covering the entire image, and the values in the areas of overlap combined to obtain a globally consistent depth map.
The resulting performance was satisfactory: despite being based on impoverished information (disparity difference ranks), the depth map recovered by NMDS agrees closely with the true depth as apparent in Figure 5. 
Real stereo pairs: RF-based matcher
We next implemented and tested a receptive-field (RF) matching algorithm whose main advantages are simplicity and relevance to biological vision. Each [4]). To add biological realism, the RFs were highly overlapping and were placed at random locations chosen independently (for each R F and each "eye") from a uniform distribution. Each left-image RF was matched to that right-image R F which resided in a 40 x 6 window centered on the exactly corresponding location and which had the most similar response vector. Consistent L-R and R-L matches were combined into a sparse field of estimated disparity values, and were median filtered. The results appear in Figure 9 . The performance of NMDS on the fire extinguisher pair is similar to that obtained with the NEC matcher. In the ball pair, the outline of the ball appears distorted, due to excessive smoothing introduced by the matcher, For the face image pair (not shown) the performance was poor, due to the high false match rate of the RF stage (combining matches across several spatial scales could remedy this problem).
To summarize, thc NMDS algorithm appears to be capable of recovering depth from qualitative information in the form of the rank order of pairwise disparity differences taken over all the points of interest in the input. The performance of the algorithm is comparable to that of state of the art stereo algorithms, and, in the present experiments, is limited essentially by the quality of the disparity input to the NMDS stage. Obviously, the NMDS approach can be fully exploited only in conjunction with a scheme for quditative measurement of disparity (which should be less error-prone than the standard quantitative matchers).
Discussion
The application of MDS to the recovery of depth opens up a new avenue of research which may be called quantitative qualitative vision. The main computational idea behind this approach is that combination of qualitative measurements from a number of mutually related sources can support the recovery of the underlying quantitative information. In the present case, the measurements are used to form the rank order of depth differences, the multiple interrelated sources are simply the various point pairings for which the measurements are made, and the final result of the computation is the values of depth at those points.
The formulation of the MDS approach in terms of combining measurements from multiple sources suggests a new method of integration of a number of visual cues within the same computational framework. Because the iterative MDS algorithm strives to minimize the discrepancy between measured depth (actually, disparity or disparity rank) differences and those derived from the current configuration, it should be possible to integrate shading with stereo simply by including input from shading as an additional term in Figure 9 : Top: fire extinguisher image, the output of the RF-based matcher, followed by nonmetric MDS. Matching was done with 20,000 RFs, each of which was composed of 5 Gabor filters at equally spaced orientations, with U = 8 pixels and period= 4 pixels. Bottom ball image, the output of the RF-based matcher, followed by nonmetric MDS (same RF parameters as before).
the MDS cost function. Integration of motion information may also be possible (note that Ullman's incremental rigidity algorithm for the recovery of structure from motion [11] minimizes a cost function expressed in terms of inter-point distances).
Finally, we note that the use of disparity differences instead of raw disparities in the MDS algorithm is compatible with a number of theories of stereopsis based on psychophysical observations of human performance [/2, 6, 91. Thus, depth reconstruction via multidimensional scaling may be not only computationally advantageous, but also biologically appealing.
